ABSTRACT. A Riemannian manifold is called geometrically formal if the wedge product of any two harmonic forms is again harmonic. We classify geometrically formal compact 4-manifolds with nonnegative sectional curvature. If the sectional curvature is strictly positive, the manifold must be homeomorphic to S 4 or diffeomorphic to CP 2 .
INTRODUCTION
Compact Riemannian manifolds with positive sectional curvature are still poorly understood in the sense that, on the one hand, one knows relatively few examples and, on the other hand, most known topological obstructions against existence of a metric of positive curvature are in fact obstructions against weaker curvature conditions. The only known connected orientable compact positively curved 4-manifolds are S 4 and CP 2 and it has been conjectured that no further example exist [32, p. 4] . At the moment, a proof of this conjecture seems out of reach. It would imply in particular that S 2 × S 2 does not carry a positively curved metric, a conjecture attributed to H. Hopf. Even the Hopf conjecture turned out to be notoriously difficult and is open to date. Most currently available classification results for positively or nonnegatively curved manifolds require additional assumptions like a sufficiently high degree of symmetry. We refer to the beautiful surveys [30, 32] for more on this. In the present article we will consider nonnegatively curved 4-manifolds which are geometrically formal. In Theorem D the condition of geometric formality will be relaxed. In Theorem E we consider positively curved 4-manifolds which are not too nonsymmetric in the sense that the covariant derivative of their curvature tensor satisfies a suitable estimate.
A Riemannian manifold M is called geometrically formal if the wedge product of any two harmonic forms M is again harmonic. One motivation for studying such manifolds comes from the fact that geometrically formal manifolds are formal in the sense of Sullivan [28, p. 43] . For a nice introduction to geometrically formal manifolds see [17] .
Let M be a connected oriented geometrically formal n-manifold. Given harmonic k-forms α and β on M, the n-form α ∧ * β = α, β vol is again harmonic. Hence the pointwise scalar product α, β is constant. In particular, harmonic forms have constant length and cannot have zeros unless they are identically zero.
From this one easily deduces that the (real) Betti numbers are bounded by b k (M) ≤ b k (T n ) and, if n is divisible by 4, b ± n/2 (M) ≤ b ± n/2 (T n ). Here T n = R n /Z n denotes the n-torus. Moreover, b 1 (M) = n−1 so that b 1 (M) ∈ {0, 1, 2, . . . , n−2, n}, see [17] for details.
The purpose of this paper is to classify geometrically formal 4-manifolds with nonnegative sectional curvature. In 3 dimensions one has a good understanding of nonnegatively curved manifolds. Richard Hamilton proved Theorem (Hamilton [12, Thm.
1.2]). Let M be a connected compact oriented 3-dimensional Riemannian manifold. Suppose that the Ricci curvature of M satisfies
Then M is diffeomorphic to a quotient of S 3 or S 2 × R or R 3 by a group of fixed point free isometries in the standard metrics.
We will need a more precise formulation of this result. By a spherical spaceform we mean a manifold of the form M = Γ\S n where Γ ⊂ O(n + 1) is a finite subgroup acting freely on S n . Spherical spaceforms and flat manifolds in 3 dimensions are classified, see [31, Thm. 3.5.5 and p. 224] for the lists. Twisted products will be explained in the next section. The difference to Hamilton's formulation is that in Cases (2) and (3) we not only have information about the diffeomorphism type but also about the metric. A proof of the corollary will be given in Section 3. Here CP 2 denote the complex projective plane with the reversed orientation (the one not induced by the complex structure). Using work of Fintushel [8] one can replace "homeomorphic" by "diffeomorphic" in this theorem, compare e.g. [9] and the references given therein.
Corollary. Let M be a connected compact oriented
For strictly positive sectional curvature we obtain: In particular, the Hopf conjecture holds in the class of geometrically formal metrics. Also in this case there is an analogous result if one replaces geometric formality by the existence of sufficiently many isometries:
Theorem (Hsiang and Kleiner [14] Still, the Hopf conjecture holds in this class of manifolds. While Theorems A, B, and C will be proved simultaneously in Section 4, Theorem D requires a different proof, given in Section 5. The proof shows that the assumptions in Theorem D can be weakened as follows: The estimate on d|ω| need not be demanded for all harmonic 2-forms but only for at least one nontrivial selfdual harmonic 2-form if b
A prominent class of geometrically formal manifolds is given by symmetric spaces. They have parallel curvature tensor, ∇R = 0. If we demand that the derivative of the curvature tensor is not too large, then again S 2 × S 2 is not possible. In other words, a counterexample to the Hopf conjecture must be very nonsymmetric. In fact, a bound on the differential of the scalar curvature and on the selfdual or antiselfdual Weyl curvature suffice.
To formulate the result we specify the norm on the relevant tensor spaces: For any (0, k)-tensor field (e.g., any k-form) B we consider 
Then M is homeomorphic to S 4 or to
Of course, the upper bound on k in this theorem is far from optimal. One would rather expect that M has to be homeomorphic to S 4 or to CP 2 . By reversing the orientation of M, one sees that in the assumption one can replace W + by W − . Note that there is no claim in the statement that the homeomorphism between M and CP 2 ♯ · · · ♯CP 2 has to be orientation preserving.
The main step for the proof of Theorem E was done in [2] . In Section 6 we will show how to derive the formulation given in Theorem E from the work in [2] .
In a very recent paper [18] 
2.2. Twisted products. Let Σ be an oriented Riemannian manifold and denote by Iso + (Σ) the group of orientation-preserving isometries of Σ. Let V be a b-dimensional Euclidean vector space and let Γ ⊂ V be a lattice. Let ρ : Γ → Iso + (Σ) be a homomorphism. Then Γ acts isometrically on Σ × V by ρ on the first factor and by translations on the second. We denote the quotient (Σ × V )/Γ by Σ × ρ T b and call it a twisted product. If b = 1, then Σ × ρ R/Z is also known as the mapping torus of the map ρ(1). The projection onto the second factor Σ × V → V induces a Riemannian submersion Σ × ρ T b → T b with totally geodesic fibers isometric to Σ. The torus T b = V /Γ carries the induced flat metric. In case ρ is trivial, the twisted product is just the usual Riemannian product,
The following folklore lemma will be needed as a technical tool. Denote the metrically dual vector field to θ j by v j and let Φ j : R → Diff(M) be its flow. Since v j is parallel, it is a Killing vector field, hence Φ j acts by orientation preserving isometries, 
2.3. Examples of geometrically formal manifolds. Now we briefly discuss examples of geometrically formal manifolds. The more cohomology a manifold carries, the more restrictive is the assumption of geometric formality. If M is diffeomorphic to S n (or, more generally, to a rational homology sphere), then M is geometrically formal with any Riemannian metric. If M is diffeomorphic to T n , then M is geometrically formal if and only if M is flat [17, Thm. 7] . All Riemannian symmetric spaces are geometrically formal. Further examples of homogeneous but nonsymmetric spaces which are geometrically formal can be found in [19] . If M is a closed oriented surface of genus ≥ 2, then M does not admit a Riemannian metric making it geometrically formal because every 1-form must have zeros and therefore cannot have constant length. 
THE 3-DIMENSIONAL CASE
To warm up we consider the 3-dimensional case and prove the corollary to Hamilton's theorem. So let M be a connected compact oriented 3-dimensional Riemannian manifold with nonnegative Ricci curvature, Ric ≥ 0. The Bochner formula for 1-forms tells us that every harmonic 1-form θ satisfies
Here (·, ·) denotes the L 2 -scalar product and · the L 2 -norm. Hence every harmonic 1-form is parallel. In particular, b 1 (M) ≤ 3. If there are two linearly independent harmonic (hence parallel) 1-forms θ 1 and θ 2 , then * (θ 1 ∧ θ 2 ) is also parallel, hence harmonic and we have three linearly independent harmonic 1-forms. Therefore, the first Betti number can take the values b = b 1 (M) ∈ {0, 1, 3} only.
If b 1 (M) = 3, then the Abel-Jacobi map yields a covering M → T 3 . Thus M is itself diffeomorphic to a torus. By [11, Cor. A on p. 94], M must be flat and we are in Case (3). Alternatively, one may argue that the tangent bundle of M is trivialized by parallel vector fields. Since they satisfy (Ricθ , θ ) = 0 this shows Ric ≡ 0, hence M is flat.
Let b 1 (M) = 1. By Lemma 1, M is isometric to a twisted product Σ × ρ S 1 where Σ is a connected compact oriented surface. Since Σ is a totally geodesic submanifold of M it must have curvature ≥ 0. If Σ is a torus, then Σ is flat. Hence M is flat and we are again in Case (3). If Σ is a sphere, then we are in Case (2). Remark. Hamilton's theorem is based on Ricci flow and is a highly nontrivial result. Without referring to Hamilton's theorem and Ricci flow, the above proof still yields a weaker result. Namely, it shows that for any connected compact oriented 3-dimensional Riemannian manifold M with Ric ≥ 0 one of the following holds:
(1) M is a rational homology 3-sphere; (2) M is isometric to a twisted product S 2 × ρ S 1 where S 2 carries a metric of nonnegative curvature; (3) M is flat.
The point of Hamilton's theorem is that the rational homology spheres occurring in Case (1) must be spherical spaceforms or RP 3 ♯RP 3 . Of course, there are further rational homology 3-spheres such as one of the six diffeomorphism types of flat 3-manifolds. We show that Σ = S 2 × ρ S 1 is not possible. Assume that Σ is isometric to S 2 × ρ S 1 where S 2 carries a metric with curvature ≥ 0. Now M fibers over S 1 with totally geodesic fibers S 2 × ρ S 1 and the fibers fiber over S 1 with totally geodesic fibers S 2 . Thus M carries a totally geodesic foliation with leaves diffeomorphic to S 2 . Since M is locally isometric to S 2 × R × R we get a second 2-dimensional totally geodesic foliation on M, perpendicular to the first one, with flat leaves.
THE 4-DIMENSIONAL
Since M has a harmonic 1-form without zeros, the Euler number of M vanishes,
On the other hand, the area 2-form α of the first foliation (with leaves S 2 ) is parallel since both foliations are totally geodesic. Hence α is harmonic and represents a nontrivial cohomology class in H 2 (M, R). This contradicts b 2 (M) = 0 showing that the subcase Σ = S 2 × ρ S 1 cannot occur. 
Now let ω + be a harmonic selfdual 2-form and ω − a harmonic antiselfdual 2-form. Since harmonic forms have constant length, we may assume |ω ± | ≡ 1. Now
This implies (see e.g. [13, p. 65] ) that η is decomposable at each point of M.
Denote the curvature endomorphism in the Bochner formula for 2-forms by K , i.e., 
Here K i j denotes the sectional curvature of the plane spanned by e i and e j . Hence if κ is a lower bound for the sectional curvature, then 0 = (∆η, η) ≥ ∇η 2 + 8κ.
In particular, this subcase cannot occur if the sectional curvature is positive. Thus the proof of Theorem C is complete.
For κ = 0 we deduce that η is parallel. The same reasoning shows that η ′ := ω + − ω − is parallel, hence we have two perpendicular parallel decompos- 
PROOF OF THEOREM D
We start by observing that the assumption |d|ω|| ≤ √ 8κ · |ω| implies that ω vanishes nowhere (unless it is identically zero). Namely, pick p ∈ M with ω(p) = 0 and assume that the zero locus of ω is nonempty. Let q be a closest point to p where ω vanishes. 
The crucial point in the proof of Theorem D is to show that b + 2 (M) and b − 2 (M) cannot be both positive. Let us assume the contrary so that we can find a nontrivial selfdual 2-form ω + and a nontrivial antiselfdual 2-form ω − .
We consider the form bundles Λ k T * M ⊗ Λ − T * M twisted with the bundle of antiselfdual 2-forms together with its natural connection induced by the Levi-Civita connection. Let d ∇ − be the exterior differential on this twisted form bundle. Let
We apply D − to ω + ⊗ ω − and we get, using that ω + is harmonic,
Now η, K η is precisely the integrand on the RHS of (10) and we obtain the opposite inequality
Thus we have equality in (10) and therefore we must have equality in all estimates which we used to derive (10) . In particular, we have |d|ω + || ≡ √ 8κ|ω + |. On the other hand, |ω ± | must achieve its maximum at some point, a contradiction.
We have shown b It is shown in [2] that this estimate together with K ≥ 1 implies that the intersection form of M is definite. By Donaldson's theorem [6] , the intersection form must be diagonalizable over Z. Freedman's theorem implies that M is homeomorphic to a k-fold connected sum of CP 2 's with k ∈ {0, 1, 2, . . .}. In particular, the total Betti number of M is ∑ 4 m=0 b m (M) = 2 + k. By a result of Gromov [10] , the total Betti number of a nonnegatively curved n-manifold is bounded by a constant C(n) only depending on the dimension of M. Abresch [1, p. 477] showed that the constant C(n) = exp(6n 3 + 9n 2 + 4n + 4) does the job. In 4 dimensions this yields ∑ For the sake of completeness and since we are not aware of an easily available reference (but compare [24] ) we derive the Bochner-Weitzenböck formula for the Hodge-Laplacian on 2-forms and, in particular, express the quadratic form of the curvature endomorphism, when evaluated on decomposable forms, in terms of sectional curvatures.
Let M be an n-dimensional Riemannian manifold. We denote by ∇ the LeviCivita connection on T M as well as the induced connections on the form bundles. The curvature tensor on the bundle of k-forms is denoted by R k . The HodgeLaplacian on forms is given by ∆ = d * d + dd * . For a local orthonormal tangent frame e 1 , . . . , e n and its dual cotangent frame e * 1 , . . . , e * n we have Now, if η is decomposable at a point, we can choose the orthonormal frame such that at this point we have η = |η|e * 1 ∧ e * 2 . In this case, we compute K η, η =|η|
